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Abstract

Complete controllability is a fundamental issue in the field of control of quantum
systems, not least because of its implications for dynamical realizability of
the kinematical bounds on the optimization of observables. In this paper we
investigate the question of complete controllability for finite-level quantum
systems subject to a single control field, for which the interaction is of
dipole form. Sufficient criteria for complete controllability of a wide range
of finite-level quantum systems are established and the question of limits of
complete controllability is addressed. Finally, the results are applied to give a
classification of complete controllability for four-level systems.

PACS numbers: 0365, 0220

1. Introduction

Recent advances in laser technology have opened up new possibilities for laser control of
quantum phenomena such as control of molecular quantum states, chemical reaction dynamics
or quantum computers. The limited success of initially advocated control schemes based
largely on physical intuition in both theory and experiment has prompted researchers in recent
years to study these systems using control theory [1].

In [2] it was shown that the kinematical constraint of unitary evolution for non-dissipative
quantum systems gives rise to universal, kinematical bounds on the optimization of observables.
It has also been demonstrated that the theoretically and practically important question of the
dynamical realizability of these universal bounds depends on the complete controllability of
the system [3]. Although the issue of complete controllability of quantum systems has been
investigated before [4, 7], many open questions remain.

In this paper we study the question of complete controllability of finite-level quantum
systems driven by a single control, for which the interaction with the control field is determined
by the dipole approximation. For this kind of system the total Hamiltonian is of the form

H = H0+f(Z)H1 (D
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where Hj is the internal system Hamiltonian and H| is the interaction Hamiltonian. For a finite-
level quantum system there always exists a complete orthonormal set of energy eigenstates |n)
such that Hy|n) = E, |n) and thus we have

ZE [n)(n| = ZE enn 2

where ¢,,, = |m)(n| is an N x N matrix with elements (¢,,,)i; = 8.k and E, are the
energy levels of the system. The E, are real and hence Hp is Hermitian. The system is non-
degenerate provided that E,, = E,, if and only if m = n. The energy levels can be ordered in
a non-increasing sequence, i.e., £y < E» < ... < Ey. Hence, the energy level spacing is

un=En 1 —E, 20 n=1,...,N—1. 3)
If u, = nfor 1 < n < N — 1 then we say the energy levels are equally spaced.

Expanding the interaction Hamiltonian H; with respect to this complete set of orthonormal
energy eigenstates |n) leads to

N
Hl = Z dm,n|m><n

m,n=1
where d,, , are the transition dipole moments, which satisty d,,, = d,; ,, where d;;  is the
complex conjugate of d, ,,. Thus, H is Hermitian. In the dipole approximation it is generally
assumed that only the terms d,,_; , and d, ,— corresponding to transitions between adjacent
energy levels are relevant, i.e., d,,, = O unless m = n + 1. Thus, letting d, = d, 4 for

lgngN—lwehave

N-1
Zd(m (n+1]+n+1) n|)—Zd<enn+1+en+1n> “)
If the any of the d, for 1 < n < N —1 vanish then the system is decomposable, i.e.,

its dynamics can be decomposed into independent subspace dynamics, and therefore not
completely controllable [3]. Hence, we shall assume that

d, #0 1<n<N-1 do=dy =0. 5)

Note that we have introduced the non-physical dy = dy = 0 for convenience.

2. Sufficient conditions for complete controllability

Definition 1. A quantum system H = Hy+ f(t) H; is completely controllable if every unitary
operator is dynamically accessible from the identity I in U(N) via a path y (t) = U(t, ty) that
satisfies the equation of motion

9
ihEU(t, ty) = (Ho + f(O)H)U (2, 1) ©)

with initial condition U (ty, ty) = 1.

In [4,5] it was shown that a necessary and sufficient condition for complete controllability
of the system H = Hy + f(t)H, is that the Lie algebra £ generated by the skew-Hermitian
matrices iHy and iH] is u(N), i.e., the Lie algebra of skew-Hermitian N x N matrices. Note
that we have u(N) = su(N)@u(1) where su(N) is the Lie algebra of traceless skew-Hermitian
matrices. A standard basis for su(N) is [6]

Xnn' = €nn’ — €n'n
Ynn' = i(enn’ + en’n) (7)

hn = i(enn - en+1,n+1)
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where ] <n < N —1,n <n’ < N andi= +/—1. However, to show that £ contains su(N),
it is sufficient to prove that x,, 11, yy.n+1 € L for 1 < n < N — 1 since all other basis elements
can be generated recursively from x,, ,.; and y, ,4; fork > 1:

Xn,n+k = [xn,n+k—] ) xn+k—1,n+k]

Ynn+k = [yn,n+k—lv xn+k—l,n+k]

hn = [-xn,n+ls yn,n+1]~
If Tr(Hy) = O then the Lie algebra £ can be at most su(N) since H| is traceless by definition.
Note that it can be shown that £ = su(N) is sufficient for controllability for many practical
purposes [7]. On the other hand, if su(N) C £ and Tr(Hy) # 0 then il can be obtained from
the diagonal element iH, € £ since we can write

iHy = [N~"Tr(Ho)]il + H; 8)

where the traceless matrix Hj must be a real linear combination of 7, and hence in the Lie
algebra L. Thus, if su(N) C £ and Tr(Hp) # 0 then £ = u(N).

For a system H = Hy + f(¢) H; with interaction Hamiltonian H; of the form (4), it turns
out that it actually suffices to show that x, ,+1, yp,p+1 € £ for some p and d,,_y # Fd . for
some k in order to conclude that £ contains su(N).

Lemma 1. If x12, yi2 € L then X, 41, Yape1 € L for 1 < n < N — 1. Similarly, if
XN—1,N> YN—1,N € L then X, pi1, Y1 € Lfor 1 <n <N — 1.

Proof. Given x5, yj» € £,let V =iH; and

hy =27 [x1, yiol = i(enr — e2)
N1
VD =V —dyyp = Zdnyn,ml-

n=2
Since d, ZOfor1 <n < N — 1 we find that
dy'h, VP =xp3 e L [x23, h1] = y23 € L.

By repeating this procedure N —2 times, we can show that x,, 41, Yn.ne1 € Lforl <n < N—1.
Similarly, we can prove that given xy_; v, yn—1.nv € L then all X, 41, Yun+1 € L for
1<n<N-1 O

Lemma 2. If there exists p with2 < p < N — 2 such that X, ps1, Yp,p+1 € £ and k such that
dy_ # Tdpp then X, pi1, Yupe1 € Lfor 1 <n < N — 1.

Proof. Given x,, .1, Yp,p+1 € LWith2 < p < N — 2 then

hp = Zil[xp,pﬂa yp,p+l] = i(epp - ep+l,p+l) e L.
Next let V = iH; and evaluate
Vlgl) =V —dyyppn = Zdn)’n,nﬂ
n#p

XV =d ! hy, VIPT=xp 1+ 10 %pe1 pia

) _ 1 1
Y,g ) = [Xﬁ,), hp] = Yp-1.p + n;;)yp+1,p+2

1 e 1 DN\2
HY =271 XD, YO =yt + 00) hp

/ _

X =2 H P = e+ 0 X2

/ _
Y =27 HD X = vy + 1)V Yperpe
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where 7 = d,41/d,—;. Note that 1" is defined and non-zero since by hypothesis d, # 0
for1 <n < N — 1. This leads to

’
M X = XD =) = 1xp1, € £
I
YV =¥V =[(0\")? = 1y,_1, € L.
At this point we have to distinguish two cases.
Case 1. If ng,l) # 1, ie., dp_| # Fdp, then it is easy to see that x,_1 ,, yp—1,, € L
and hence h,_| = 2‘1[xp_1,p, Yp—1,p] € L as well. Now we can proceed to show that
Xp=2,p—15 Yp—=2,p—1 € L:
V(2) = V(l) - dp—lyp—l P
XP =d Ly, VP 1=xp 2,1 €L
Y,(,z) = [X,(JZ), hp-11=yp-2,p-1 € L.
Repeating the last step p — 2 times shows that Xépﬁl) =xp2 € Land Y,gpil) = y12 € L and
hence X, y41, Ynn+1 € LTor 1 <n < N — 1 by lemma 1.
Case 2. If nV) = £1,i.e.,d, | = %d,,,, then we only have X;')/ = Xp_1pEXpr1pr2 € L

and Ylgl)' = Yp—1,p £ Yp+1,p+2 € L. However, we can now use a similar procedure as above to
obtain
2 1 1/
V[(, ) = VIS ) — Y( ) Z dnyn n+l
n#p,ptl
_ / /
HP =27 X0 vV = hpoy +hpo
-1
X(pz> = dp,Q[HIEZ)v V(Z)] =Xp-2p-1t n;;Z)xp+2,p+3
2 2 2 2
Y,(, ) = [X( ), H( N=yp-opt1 + Uﬁ,)ymz p3

!
HY = 271X Y0 = hypoa + 0 i
!
X' =27y HP = xp 0 pt + 1) X pi2 i

Y@ =27"HP, XD = vy o1 + 0P Vpez s,
where 7722) = dp+2/d,—>. This leads to
MPPXD — X' = [P)? — Nxpspi €L
!
MY =Y =107 = Nyp-2p-1 € L.

Again, we have to consider two different cases.

Case 2a. If nfpz) # £l ie., dyoo # Fdp, then x,5 , 1, ¥p—2,-1 € L as well
as h, , = 2_'[xp,2,p,1, Yp—2,p—1] € L and we can proceed as in case 1 to show that
Xp—3,p—2, Yp-3,p—2 € L:

VO =V —d, 5y, a1,

XO =d Lhy 2, VP =xp3,02€L

Y =1XD, hyol =yp3p2€L.

Repeating the last step p — 3 times shows that X;pﬁl) =xp2 € Land Y,SP*” = y;» € L and
hence Xy, y41, Ynn+1 € LTor 1 <n < N —1bylemma 1.
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Case2b. If '} = £1,i.e.,d, » = Fdp2, then we have only X = x, 2 1 £ xp12 13 € L
and Yf) = Yp—2,p—1 £ Yps2,p+3 € L but we can proceed as in case 2 to obtain

3 /
X(p) =Xp3p2+ (’7;;3))3xp+3,p+4 eL
3)/ 3,3
Y,(, Y =yt (’7;,)) V3, p+d € L
where 7 = d)3/d,_3. Again, we must distinguish the cases 7 # £1 and 5 = +1 and
so forth.

Using this procedure, we can always show that x,_ p—k+1, Yp—k p—k+s1t € L since by
hypothesis d,,_; # £dp.r. We can then proceed as in case 1 to show that x;5, y12 € £, from
which it follows that all x, 41, Yy+1,, € £ by lemma 1. (]

3. Completely controllable quantum systems

3.1. Anharmonic systems

The results of the previous section can be applied to establish complete controllability for many
quantum systems.

Theorem 1. The dynamical Lie algebra for a quantum system H = Hy+ f (t)H) with Hy and
Hy as in (2) and (4) is at least su(N) if either

(i) w1 # 0and w, # 1 for2 <n <N —1, or
(ii) un—1 #0and p, # uy—1 forl <n < N —2.

Ifin addition Tr(Hy) # O then the dynamical Lie algebra is u(N), i.e., the system is completely
controllable.

Proof. Suppose | # 0and w, # p; for2 <n < N — 1. Let V = iH| and evaluate

N-1
V, = [iH(), V] = Z Mndnxn,n+1
n=1

N—-1
V' = [V/, iHy] = Z Midnyn.nﬂ
n=1
N-2
V(l) =V’ - /L?\f—lv — Z(Mﬁ — /;L%\/fl)dnyn,lﬁl
n=1
N-3
V® = [liH, VL iHo] = iy oV = 300 — i) (e = i

n=1

N—-l-k| N-1
VO = [[iHy, VOV i) - g,V D = Y0 []‘[ dn(ui—ui)] Vet

n=1 k=n+1

N—-1
vV =gy [H(u% — u,%)} yi2 € L.
k=2
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Since by hypothesis d; # 0, u; # 0 and u, 7# pu; for2 <n < N — 1 we have y;, € £ and
hence ,ul_'[iHo, yi2] = x1p € L. Hence, su(N) C £ by lemma 1 and if Tr(Hp) # 0 then
L = u(N). The proof for the case u, # uy—; for 1 <n < N — 2 is analogous. O

This theorem, first proved in [7], is very important in that it guarantees the complete
controllability of physically important systems such as simple atomic systems or Morse
oscillators, which are often used to model molecular bonds.

Example 1. The energy level spacing for a Morse oscillator is of the form u,, o< 1 — Bn where
B is a small positive real number and we can assume Tr(Hp) # 0. Therefore, u, # @ for
n > 1 and thus any N-level Morse oscillator system is completely controllable.

Theorem 1 also applies to degenerate or more complicated systems.

Example 2. Consider a system with energy levels E; and E, = E; # E| for2 < n < N with
arbitrary non-zero transition dipole moments d,. In this case we have u; = E; — E| # 0 but
My = 0for2 < n < N — 1. Thus, surprisingly, this highly degenerate system is completely
controllable by theorem 1 provided that Tr(Hp) # 0.

Example 3. The energy levels of the bound states of a one-electron atom of atomic number Z
are E, = (—13.9 eV)Z?/n?. Therefore, Tr(Hy) # 0 and the energy level spacing is

) - 2n+1)
Uy X1 (n+1) = Znr R
Note that the multiplicity of energy level E, is 2n? including angular momentum and spin
degeneracy, i.e., the energy levels are degenerate. Nevertheless, we can apply theorem 1 to
conclude that any non-decoupled N-level subsystem of this model consisting of at least two
different energy levels is completely controllable if the interaction with the control field is of
dipole form (4).

Example 4. The energy levels E, for a particle in a 1D box are Cn?, where C is a positive
constant. Hence, Tr(Hp) # 0 and u, # wu; for n > 1, i.e., any non-decoupled N-level
subsystem of this model is completely controllable according to theorem 1 if the interaction
with the control field is of dipole form (4).

Example 5. Considera (N = 2¢+ 1)-level system with Tr(Hp) # 0 and energy level spacings
Uor = o for 1 < k < £but uy # w, for n > 1. This system is also completely controllable
(independent of the d,,) according to theorem 1. Similarly, if we had po;—; = i forl <k < ¢
but wy # u, for n < 2¢€ then the system would be completely controllable according to
theorem 1 as well.

The last example is interesting for the following reason. Suppose we considered instead
a composite system of £ coupled identical two-level systems with simple interactions, i.e., an
(N = 2¢)-level system with energy level spacings ux+1 = w1 for 1 < k < £ but, for example,
U2 # W, forn £ 2. In this case we have ;| = wy—1, i.e., theorem 1 does not apply although
considering the last example one would expect this system to be controllable as well. This
suggests that theorem 1 can be generalized.

Theorem 2. The dynamical Lie algebra L of a quantum system H = Hy + f(t)H; with Hy
and Hy as in (2) and (4) is at least su(N) if there exists |1, # 0 such that ., # |1, forn # p,
and k such that d,_ # £d .. If in addition Tr(Hy) # O then £ = u(N), i.e., the system is
completely controllable.



Complete controllability of finite-level quantum systems 1685

Proof. Let V = iH, and define
v = [[iHy, V1, iHo] — 12,V
V@ = [[iH,, V"], iHo] — ul o VP

VN2 = [[iHy, VN iHo) = g y_py VY
where o is a permutation of the set {1,2,..., N — 1} such that 0 (N — 1) = p. Then

N

-2

n(“i - “inﬂ} Yp.p+1 € L.

n=1

and since by hypothesis d,, # 0, u, # 0 and u, # n, forn # p we have y, ,+1 € £ and
hence ,u;l[iHo, Yp.p+1]l = Xp p+1 € L. By hypothesis we have furthermore d .« # +d,_ for
some k. Hence, su(N) C £ by lemma 2 and if Tr(Hy) # O then £ = u(N), i.e., the system is
completely controllable. ]

Note that dy = dy = 0 and d, # O for 1 < n < N — 1 implies that the condition
dpx # Ed,_i is always satisfied for k = min{p, N — p} unless p = N — p since if
k=p < N-—-pthend, y =dy =0andd,x # 0, andif k = N — p < p then
dpir = dy = 0 and d,_x # 0. Furthermore, p = N — p is only possible if p = N/2 and
hence N even. Thus, assuming Tr(Hy) # 0, we have the following:

Corollary 1. If N is odd and there exists 1, # O such that u, # p, for n # p, then the
system is completely controllable.

Corollary 2. If N is even and there exists i, # 0 with p # N/2 such that w, # u, for
n # p, then the system is completely controllable.

Applying corollary 2 to the (N = 2¢)-level composite system with energy level spacings
Uok+1 = My for 1 < k < € but uy # w, for n ## 2 considered above, we see that the system is
always controllable for N # 4. If N = 4 then it is controllable if d| # +d;. There are many
other applications for the theorems and corollaries above.

Example 6. The system of two coupled £-level harmonic oscillators with
Ei+(n—1 forl1 <n </t
E, = 1+ ( e )
Ei+(n—Du+A ford+1<n<2¢

is completely controllable if d;_; # =£d for some k since u, = pforn # £and u, = u+A.
For instance, if

Jn forl<n<t—1
dy=1d#0 forn =1¢ (10)
vn—4£ fori+1<n<20—-1

then the system is completely controllable by theorem 2 since, e.g., dy_; = /€ — 1 # +/1 =
d;y1. However, if

1 forl<n<i—-1
d,=1d#0 forn =1¢ (11)
1 for+1<n<20—-1

then the system does not satisfy the criteria for complete controllability established in the
previous theorems and one can verify that the system is indeed not completely controllable.
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3.2. Harmonic oscillators

Theorem 2 and its corollaries establish complete controllability for many anharmonic, non-
decomposable quantum systems. However, the conditions on the w, exclude systems with
equally spaced energy levels, i.e., u, = u for 1 < n < N — 1, such as harmonic oscillators.
For these systems we cannot apply the techniques used in the previous section to establish
complete controllability since in this case [[iHy, V], 1Hy] = V. To resolve this problem, we
introduce a new set of parameters depending on the values of the transition dipole moments d,

v, =2d? —d? |, —d? 1<n<N-1 (12)

n+l

which determine whether the system is completely controllable or not.

Theorem 3. The dynamical Lie algebra L for a system H = Hy+ f (t) H, with equally spaced
energy levels, i.e., p, = u # 0 for 1 < n < N — 1is at least su(N) if there exists v, # 0
such that v, # vy, forn # pand p # N/2; if p = N/2 then d,,_y # %dp for some k is
required as well. If in addition Tr(Hy) # 0 then £ = u(N).

Proof. For convenience we define YV = iH,. Then we have

N—1
X(l) = /,L_l[iH(), Y(l)] = Zdn-xn,iHl

n=1

N
Z=27"xD,yO1=1) (d} - d;_))em.
n=1
From X, Y® and ZM, we have

N—-1

Y@ =12, XV] = v, YV = Z(Un — Vo(1))dn Ynn+1
n=2
N—1

X(Z) = [Y(l)’ Z] - va(l)X(l) = Z(vn - va(l))dnxn,lﬁl
n=2

N—-1
Y@ = [Z, X(z)] - UG(Z)Y(Z) = Z(vn - va(l))(”n - UU(Z))dnyn,nH

n=3
N—1
X® = [Y(z), Z]— Uo‘(z)X(Z) = Z(Un - Ua(l))(vn - UU(Z))dnxn.nH

n=3

N-2
Y(Nfl) =[Z, X(N72)] _ Ua(N—z)Y(Nfz) — dp |: (Up _ v"("))j| Vp.pil € L

n=1

N=2
X(N_l) = [Y(N_Z), Z] — UG(N_Q)X(N_Z) = dp |:1_[(Up — Ug(n)):| Xp,p+l eL.
n=1
where o is a permutation of the set {1, 2, ..., N — 1} such that 0 (N — 1) = p. By hypothesis
we have v, # 0 and v, # v, for n # p. Hence, we can conclude x, p.1, ¥, p+1 € £. If
p # N /2 then the condition d,,_; # %d, is automatically satisfied for k = min{p, N — p};
otherwise it is guaranteed by the hypothesis of the theorem. Therefore, £ contains su(N) by
lemma 2 and if Tr(Hy) # 0 then £ = u(N). O
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Example 7. The truncated N-level harmonic oscillator with E, o« n + % and d, = /n is
completely controllable since v, =0for 1 <n < N —2butvy_; =N #0.

Example 8. A system with N equally spaced energy levels, Tr(Hy) # 0, and d, = 1 for
1 <n < N-—-2anddy_; # =£1 is completely controllable since v; = 1, v, = 0 for
2<n<N-3uyo=1-dy_,andvy_; =2d3_, —1#0,ie,v #v,forn> 1.

4. Limits of complete controllability

The theorems and corollaries in section 3 suggest that many non-decomposable quantum
systems are completely controllable and one might actually begin to wonder if there are
any non-decomposable (i.e., non-decoupled) systems that are not completely controllable.
Unfortunately, the answer is yes, and worse yet, these systems may look very similar to
completely controllable systems. Recall example 6, i.e., a system with energy levels (9),
which satisfies the conditions for complete controllability of theorem 2 if the transition dipole
moments are chosen as in (10) but does not satisfy the criteria for complete controllability if
the d,, are chosen as in (11). We shall see that for the latter choice of the transition dipole
moments d, the system is indeed not completely controllable.

Theorem 4. The dynamical Lie algebra for a system with N equally spaced energy levels
Up=pforl <n<N—1landv, =vforl < n < N —1 has dimension four, i.e., the system
is not completely controllable for N > 2.

Proof. LetY = iH|,

N—-1
X = ,bLil[iH(], Y] = Z dnxn,n+l
n=1

N
Z=2""[X.Y]=i) (d}—d; )em
n=1

and note that we have the following commutation relations

[iHp, X] = pY [iHy, Y] = —pX [iHy, Z] =0

[X,Y]=2Z [Z,X] = —vnY [Z,Y] = v X.
Hence, iHy, X, Y, Z span the Lie algebra £. Thus L is isomorphic to the four-dimensional Lie
algebra u(2), i.e., the system is not completely controllable for N > 2. (|

Example 9. If N = 3 and i, = w, as well as d; = d, then the system is not completely
controllable since v = 2d12 — c122 = 20722 — dl2 = vy, i.e., the Lie algebra has dimension four
according to the previous theorem.

Theorem 4 has another important implication. One can prove by induction that for N > 4
the condition v, = v for 1 < n < N — 1 can only be satisfied if
-1 2
=D ad v
2 N —4
Note that v — 0 and thus d, — ndl2 for N — oo. Hence, the infinite-dimensional harmonic
oscillator with d, = /n for 1 < n < oo is not completely controllable.

2_ . n
d, = nd,

Theorem 5. A system with N equally spaced energy levels and d,, = 1 for 1 <n < N — lis
not completely controllable for N > 2.
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Proof. Note that theorem 3 does not apply since vi = vy_; = land v, = --- = vy_p = 0.
Setting

Zy =i(e1r — enn)
N—1
Xy =p [iHo, iHil =) Xynn
n=1
leads to [Z1, X1] = y12 + yv—1.n € L. Thus, we have the following reduced problem:
N=2
iHy iH" =iH = [Z. X1]1 =) Yuun
n=2
and we can use induction to prove the theorem. One can easily verify that the system is not
completely controllable if N = 3 (see example 9) or N = 4 (see section 5.1). Suppose the
theorem is true for N > 2. We want to prove it is also true for N + 2. To this end, assume
that the theorem is not true, i.e., that the (N + 2)-level system is completely controllable.
Then we can use the above procedure to reduce the system to an N-level system. Clearly, this
reduced N-level system must be completely controllable, which contradicts the assumption.
This means that the assumption is false. O

5. Classification of complete controllability for four-level systems

In this section we apply the results of sections 3 and 4 to give a classification of the complete
controllability problem for four-level quantum systems whose interaction with the control field
is determined by (4).

According to theorem 2 and its corollaries, a non-decomposable four-level quantum system
is completely controllable if Tr(Hp) # 0 and one of the following conditions apply:

() w1 # o # 13;
(1) w1 # po = pu3;
(iii) u1 = pa # p3; 0r
(v) w1 = p3 # pa, 2 # 0 and dy # +ds.
Furthermore, if ;1] = uy = p3 # 0 then the system is completely controllable according to
theorem 3 if either

(i) v # v2, V| # v3;0r

(11) U3 ;ﬁ V1, U3 ;ﬁ V2.

Decomposable systems (and traceless systems) are not completely controllable. Hence, the
only cases that remain to be considered are the following.

5.1. Case 1 = pu3 # W, 2 # 0, dy = £d3

In this case the system is not completely controllable and we actually have an 11-dimensional
Lie algebra isomorphic to sp(2) & u(1). To see this, note that sp(2) is spanned by [6]

hy =i(en —e33) hy =i(exn — ess)

X2w; = X31 V2w, = Y31

X2, = X42 V2w, = Y42 (13)
Xoy+w, = X32 + X41 Yor+w, = Y32+ Y41

w1 —wy = — A3 w|—wy = -
X, X21 — X34 Y Y21 — Y34
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and if d; = %d; then the change of basis
{I11),12), 13}, 14)} = {12), [1), [3), F14)}

leads to
Hy =} Tr(Ho)I — (1 + pa/2)hy + pahs
Hl = dlywl—wg + d2y2¢u1

and one can easily check that H(; = W1hy + uohy and H; generate all of sp(2). Hence,
L>~sp)®du(l).

5.2. Case b1 = pu3 # ua, 2 =0

X = Ml_l[iHo, iH ] =dix12 + d3x34
Y1 = uy ' [iHo, X1] = diyiz +d3ys
Z, =27"[Xy, il = ildf(en — ex) +d5(e33 — ean)].
Then we have
Yo=d,'(Zi - Y)=yneLl
X, =i +d)7'[Z1, V]l =x3 € L.
According to lemma 2, the system is completely controllable if d; # +d3. For d; = +ds, the

Lie algebra generated is the 11-dimensional Lie algebra given in the previous section, i.e., the
system is not completely controllable.

5.3. Case ju1 = o = |43, V1 = V3, U2 # V1

From the definition of v, we obtain that the condition v, # v; = wv3 is equivalent to
d3 # d} = d3, which implies d| = =£d;. One can easily verify that £ is the 11-dimensional
algebra given in section 5.1. Hence, the system is not completely controllable.

54. Case i1 = [y = |43, V] = Uy = 13

In this case one can easily verify that iHj and iH, generate a Lie algebra of dimension four
isomorphic to u#(2). Hence, the system is not completely controllable. Note that vy = v, = v3
is equivalent to d3 = d} = 2d;. (See also theorem 5.)

5.5. Case py = iy = w3 =0

This is a completely degenerate system (E; = E, = E3 = E4) and £ is a two-dimensional
Lie algebra with basis iHy = il and iH,. Clearly, the system is not completely controllable.

6. Conclusion

In this paper we studied the problem of complete controllability of finite-level non-
decomposable quantum systems whose interaction with a semi-classical field is governed
by the dipole approximation. We reduced the problem of complete controllability of these
systems to the question whether a pair of skew-Hermitian matrices x, ,+; and y,,+1 can be
generated by iHy and iH;. Using these criteria, we showed that many non-decomposable
finite-level quantum systems are completely controllable, including many atomic systems as
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well as Morse and harmonic oscillator systems. We also showed, however, that complete
controllability is by no means a universal property of the types of systems under consideration
and that in fact many systems lacking complete controllability may appear superficially very
similar to completely controllable ones. Finally, we applied our results to give a classification
of four-level systems in terms of complete controllability, as presented in table 1.

Table 1. Complete controllability for four-level harmonic and anharmonic oscillator systems.

Complete

System M dn(# 0) controllability
Anharmonic @) # u2 # n3 Yes
1 # w2 = 13 Yes
W1 = M2 # U3 Yes
K1 = 13 # L2 di #ds Yes
dy=d3 No
Harmonic nr=u3=pu3#0 v #vyF# w3 Yes
V1 # V) = U3 Yes
v =2 F# U3 Yes
vy =v3 #vy,dy ==+d3; No
V] =V =113 No
mr=u3=u3 =0 No
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